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Changes in the distribution of rain 

1.  Introduction 
–  Why the distribution would change 

2.  Theory  
–  Shift and increase modes of change  
 

3.  Response to CO2 increase in CMIP5 models 
–  Shift + Increase modes 

–  Extreme mode 



 Moisture increases,  
Precipitation increases less 

Moisture	  increases	  at	  7%/K	   Precipita2on	  increases	  at	  1-‐3%/K	  

Held	  and	  Soden	  (2006)	  



Extreme precipitation increases with 
moisture 

Allen	  and	  Ingram	  (2002)	  

ΔT=3.6	  K	  
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Rain distribution should change shape 

•  Global-mean rainfall increases by 2 %K-1 

•  Extreme rain rate increases by around 7 %K-1 

•  The distribution must change 
– Less frequent, more intense rainfall 

Trenberth	  (1999)	  



 
How can we quantify the relationships 
among changes in  

 global-mean rainfall, 
 extreme rain rate,  
 and the rest of the distribution of rain?  



Daily precipitation data 

•  Rain rate in mm/day 

•  Climate model simulations 
– CMIP5 Carbon dioxide increase (1pctCO2) 
– 22 models 

•  Observations 
– Global Precipitation Climatology Project 

(GPCP) 1 Degree Daily 
– 1997-2012 
 



Methodology 

•  Calculate both rain frequency and rain 
amount distributions  

•  Average globally 

•  Dry threshold of less than 0.1 mm/d 
 
•  Logarithmic rain rate axis 
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rain rate r is in mm d−1, though we’ll work in coordinates of ln r. The cumulative

distribution of rain amount P (r) is,

P (r) =

∫ ln r

ln rmin

p(ln ṙ)d ln ṙ, (4.1)

where p(ln r) is the precipitation density function. Dots indicate test functions. The

units of P are mm d−1, and p = dP/d ln r. Then the total rainfall (the global-

mean precipitation) is P = P (∞) = P (rmax). The dry day threshold is rmin, and

the maximum daily rainfall in our dataset is rmax. We assume P (rmin) = 0. The

cumulative distribution of rain F (r) is,

F (r) =

∫ ln r

−∞

f(ln ṙ)d ln ṙ = Fd +

∫ ln r

ln rmin

f(ln ṙ)d ln ṙ, (4.2)

where f(ln r) is the probability density function of rain, and F (∞) = F (rmax) = 1.

Fd = F (rmin) is the dry day frequency. The rain amount (p) and rain frequency (f)

distributions are related by,

p(ln r) = rf(ln r), and (4.3)

f(ln r) =
p(ln r)

r
. (4.4)

We have d ln r = dr/r, and as long as changes are small, we can approximate the

infinitesimal changes with finite ones, ∆ ln r = ∆r/r. We express ∆r/r in percent.

Changed distributions will be indicated by primes (f ′, p′, and F ′

d).

How might the distributions of rain amount and rain frequency respond to changes

in climate? One way rain could change is that it could become more frequent. The

distribution of rain when it is raining would stay the same, but it would rain more

often, with more rain falling at each rain rate. We’ll call this mode the increase mode.

Rain frequency Rain amount 
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Models vary in their 
fidelity to 
observations 
Rain amount 
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Observations 
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•  It could rain more often (and 
be dry less often) 

Increase mode 
•  Rain frequency and amount 

increase by the same 
fraction at all rain rates 

•  Total rain increases 

How could the distribution of precipitation 
change?  
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If the rain increases by a fraction a at each rain rate,

p′(ln r) = (1 + a)p(ln r), which also requires (4.5)

f ′(ln r) = (1 + a)f(ln r). (4.6)

The increase mode results in a decreased dry day frequency, F ′

d = 1− (1+ a)(1−Fd),

and an increase in total rainfall P
′

= (1 + a)P . Note that the increase in rain must

be balanced by a corresponding increase in total atmospheric cooling. We can also

have negative a, where the total precipitation and frequency of rainfall decrease.

The increase alone is unlikely for energetic reasons and lacks some features that

we might anticipate in the rainfall response. For example, it does not allow for an

increase in the maximum rain rate. For fixed circulation, we expect an increase in the

maximum rain rate in a moister atmosphere. Also, the increase requires a change in

the total atmospheric cooling needed to balance precipitation, which must be achieved

by increased loss to space or to the surface (Pendergrass and Hartmann, in press).

Another possible response is that the rain amount distribution could shift to higher

rain rates. Then, the same amount of rain would fall, but at higher rain rates. If the

distribution stays the same shape, enclosing the same total area, then this change will

be energetically neutral, not requiring a change in total energy. If the distribution

shifts to the right by b = ∆r/r, then this shift mode is,

p′(ln r) = p(ln r − b). (4.7)

If the same amount of rain falls at higher rain rates, then less time is spent raining.

So, we should expect the rain frequency to decrease and dry-day frequency to increase

with a shift to higher rain rates. Noting that r(ln r − b) = re−b, we can find the new
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Figure 4.2: Schematic of the two modes of change of the rain distribution introduced
here: the increase (red, left), shift (blue, center), and increase intensity (green, right)
in the rain amount distributions (top) and the accompanying rain frequency distri-
butions (bottom). Initial distributions from GPCP are shown in black, and the new
distribution resulting from a large, 30 %, shift or increase shown in color.

Initial distribution 
New distribution 



•  It could rain harder 
 
Shift mode 
•  The same amount of rain 

falls at higher rain rates 

•  Total rain does not change 

How else could the distribution of 
precipitation change?  
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Figure 4.2: Schematic of the two modes of change of the rain distribution introduced
here: the increase (red, left), shift (blue, center), and increase intensity (green, right)
in the rain amount distributions (top) and the accompanying rain frequency distri-
butions (bottom). Initial distributions from GPCP are shown in black, and the new
distribution resulting from a large, 30 %, shift or increase shown in color.
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If the rain increases by a fraction a at each rain rate,

p′(ln r) = (1 + a)p(ln r), which also requires (4.5)

f ′(ln r) = (1 + a)f(ln r). (4.6)

The increase mode results in a decreased dry day frequency, F ′

d = 1− (1+ a)(1−Fd),

and an increase in total rainfall P
′

= (1 + a)P . Note that the increase in rain must

be balanced by a corresponding increase in total atmospheric cooling. We can also

have negative a, where the total precipitation and frequency of rainfall decrease.

The increase alone is unlikely for energetic reasons and lacks some features that

we might anticipate in the rainfall response. For example, it does not allow for an

increase in the maximum rain rate. For fixed circulation, we expect an increase in the

maximum rain rate in a moister atmosphere. Also, the increase requires a change in

the total atmospheric cooling needed to balance precipitation, which must be achieved

by increased loss to space or to the surface (Pendergrass and Hartmann, in press).

Another possible response is that the rain amount distribution could shift to higher

rain rates. Then, the same amount of rain would fall, but at higher rain rates. If the

distribution stays the same shape, enclosing the same total area, then this change will

be energetically neutral, not requiring a change in total energy. If the distribution

shifts to the right by b = ∆r/r, then this shift mode is,

p′(ln r) = p(ln r − b). (4.7)

If the same amount of rain falls at higher rain rates, then less time is spent raining.

So, we should expect the rain frequency to decrease and dry-day frequency to increase

with a shift to higher rain rates. Noting that r(ln r − b) = re−b, we can find the new
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Figure 4.2: Schematic of the two modes of change of the rain distribution introduced
here: the increase (red, left), shift (blue, center), and increase intensity (green, right)
in the rain amount distributions (top) and the accompanying rain frequency distri-
butions (bottom). Initial distributions from GPCP are shown in black, and the new
distribution resulting from a large, 30 %, shift or increase shown in color.

frequency distribution,

f ′(ln r) = e−bf(ln r − b), (4.8)

F ′

d = 1 −
1 − Fd

eb
. (4.9)

The total rainfall does not change, so P
′

= P . A schematic of the increase and shift

are shown in Fig. 4.2.

One can imagine a third mode, where the shape of the rain frequency distribution

and the total frequency of rain do not change, but rain amount increases when it is

raining. This would constitute a shift of the rain frequency distribution to higher rain

rates, f ′(ln r) = f(ln r−∆ ln r), analogous to the shift of the rain amount distribution
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Figure 12.41: Patterns of temperature (left column) and percent precipitation change (right column) by the end of the 4 
21st century (2081–2100 vs 1986–2005), for the CMIP3 models average (first row) and CMIP5 models average (second 5 
row), scaled by the corresponding global average temperature changes. 6 
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Shifts in space 

IPCC	  AR5	  WG1	  Fig.	  12.41	  



Multi-model mean rain distribution   
response to CO2 increase 
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Fit the shift and increase modes 

Approximations 

Algebra  



Best fit shift-plus-increase 
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Model response
Shift+increase

Increase: 0.9 %K-1 

Shift:        3.3 %K-1 

68

assume that all changes are small, so changes in p can be linearized,

p(ln r − b) ≈ p(ln r) − b
dp

d ln r
. (4.10)

Next, the model distribution and its response are discrete distributions, so we use a

discrete approximation to the problem. Then, we must choose an error metric. We

choose the sum of the square of the difference between the shift-plus-increase and the

model response, E =
∑

(∆p−∆pm)2, where ∆pm is the model response, ∆p = p′−p,

and the sum is taken over all r bins.

To fit the magnitude of the increase and shift, a and b, we find where E has a local

minimum with respect to each of a and b. This produces the following two-variable

linear set of equations,

⎡

⎣

Σp2 −Σp dp
d ln r

−Σp dp
d ln r

Σ
(

dp
d ln r

)2

⎤

⎦

⎡

⎣

a

b

⎤

⎦ =

⎡

⎣

∑

p∆pm

−
∑ dp

d ln r
∆pm

⎤

⎦ . (4.11)

The optimal shift-plus-increase for the multi-model mean response is shown in

Fig. 4.4. The distribution shifts by 3.3 % K−1 and increases by 0.9 % K−1. Between

about 1 and 50 mm d−1, the shift-plus-increase falls within the range of uncertainty

in the model response. At the highest and lowest rain rates, the shift-plus-increase

underestimates the rain amount response. The sum of squared differences will em-

phasize the largest differences, but we are more interested in how much of the change

in rainfall is captured by the response. We report the error in terms of how much of

the precipitation response it fails to capture,

Error =
Σ|∆p − ∆pm|

Σ|∆pm|
. (4.12)

The error of the shift-plus-increase is 0.33 (33%), indicating that the shift-plus-

increase captures all but a third of the modeled response.



Repeat for every 
model 
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Figure 4.8: Extreme precipitation response (% K−1) for CMIP5 multi-model mean
CO2 doubling (black) and the shift-plus-increase (magenta). Percent change in rain
rate per degree warming by percentile of the cumulative frequency distribution. Gray
lines show 95% confidence of the multi-model mean response.

Change in extreme rain: 
Multi-model mean response to CO2 increase 
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Models have 
different responses 
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Figure 4.12: MPI-ESM-LR (top), IPSL-CM5A-LR (middle), and GFDL-ESM2G
(bottom) model responses. In the rain amount climatology (far left), model distribu-
tion (solid black) is shown along with coarsened GPCP (dashed). The climatological
convective fraction (center left) is shown alone (orange). In the change in rain amount
distribution (center right), the model change (black), shift-plus-increase (magenta),
and convective precipitation change (orange) are shown. In the change in extreme
rain rate (far right), the model change (black) and shift-plus-increase (magenta).
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Figure 4.12: MPI-ESM-LR (top), IPSL-CM5A-LR (middle), and GFDL-ESM2G
(bottom) model responses. In the rain amount climatology (far left), model distribu-
tion (solid black) is shown along with coarsened GPCP (dashed). The climatological
convective fraction (center left) is shown alone (orange). In the change in rain amount
distribution (center right), the model change (black), shift-plus-increase (magenta),
and convective precipitation change (orange) are shown. In the change in extreme
rain rate (far right), the model change (black) and shift-plus-increase (magenta).
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Conclusions 

•  Most of the increase in total rainfall in 
response to global warming comes as the 
increase mode – a uniform increase at all rain 
rates. 
– Some of the rest comes from the extreme mode, 

which occurs in only some models.  

•  The increase in extreme rain occurs as a shift 
of the distribution to higher rain rates in some 
models 
–  In other models it occurs as an extreme mode. 
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