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Recipe for normal modes1

Recipe: (1) Consider perturbations to a background state with no    
background shear. 

(2) We obtain an eigenvalue problem in some space . 
(3) The normal modes are the resulting vertical structures. They 

form a basis of .

ℱ

ℱ

In a two-layer fluid: ,  (a two dimensional space).ℱ = ℂ2

Barotropic 
mode

Baroclinic 
mode



Wunsch (1997) — Most energy is in the zeroth and first baroclinic modes.

Lapeyre (2009) — The baroclinic modes are unable to represent surface buoyancy
and so are incomplete.

The altimeter signal corresponds to thermocline motion.

Altimeter signal reflects surface-trapped SQG motion.

What mode does the altimeter signal reflect?
2

Vertical decomposition of QG states into “normal modes” plays an important role 
in physical oceanography (e.g., Charney 1971, Wunsch 1997, Smith & Vallis 2001, Lapeyre 2009).
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Potential Vorticity Densities

Volume PV density: Q = f + ∇2ψ +
∂
∂z [ f2

0

N2

∂ψ
∂z ]

PV

Q(x, y, z) dV

Surface PV density: Ri = (−1)i+1[f0 hi +
f2
0

N2

∂ψ
∂z ]

zi

i = 1, 2 Ri(x, y) dAfor

∫ Q dV +
2

∑
i=1

∫ Ri dA

(m3s−1)
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Q(D) Total PV:
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The Quasigeostrophic Phase Space

PV distribution: 𝔔(x, y, z, t) = Q(x, y, z, t) +
2

∑
i=1

Ri(x, y, t) δ(z − zi)

QG Phase Space: The space of all possible QG states.

PV perspective: The space of all distributions . 𝔔

Streamfunction perspective: The space of all functions  induced by . ψ 𝔔

(Bretherton 1966)
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Vertical Structure Phase Space

In a doubly periodic domain: 𝔔(x, y, z, t) = 𝔔k(z, t) ei(k1x + k2y)

The vertical structure of the PV distribution is

𝔔k(z, t) = Qk(z, t) +
2

∑
i=1

Ri k(t) δ(z − zi) .
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Vertical Structure Phase Space

In a doubly periodic domain: 𝔔(x, y, z, t) = 𝔔k(z, t) ei(k1x + k2y)

The vertical structure of the PV distribution is

𝔔k(z, t) = Qk(z, t) +
2

∑
i=1

Ri k(t) δ(z − zi) .

The space of all possible vertical structures in QG is
L2 ⊕ ℂ ⊕ ℂ .

 is an element of  — where  is the space of square-integrable functions on  Qk(z) L2 L2 [z1, z2]

 is an element of  — where  is the space complex number.Ri k ℂ ℂ
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The Baroclinic Modes
Vertical structure of Rossby waves in a quiescent ocean with no topography.

Streamfunction baroclinic modes: −
d
dz ( f2

0

N2

dψ
dz ) = λ ψ

dψ(zi)
dz

= 0

for z ∈ (z1, z2)

for i = 1,2.

z = z1

z = z2

(Assuming ω ≠ 0)

ω = −
β k1

k2 + λ
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The Baroclinic Modes
Vertical structure of Rossby waves in a quiescent ocean with no topography.

Vertical velocity baroclinic modes: −
d2w
dz2

= λ ( N2

f 2
0 ) w

w(zi) = 0

for z ∈ (z1, z2)

for i = 1,2.

z = z1

z = z2

(Assuming ω ≠ 0)

ω = −
β k1

k2 + λ
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The modes   and  form an orthonormal basis of .{ψ̂n}∞
n=0 {ŵn}∞

n=0 L2

But the space of all QG vertical structures is .L2 ⊕ ℂ ⊕ ℂ

So we are missing two degrees of freedom
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General Linear Solution

Assumptions:

ψ(z, t) =
∞

∑
n=0

⟨Ψ, ψ̂n⟩ ψ̂n(z) e−iωnt

Given a vertical structure  with , thenΨ(z) dΨ(zi)/dz = 0

No topography.

Infinitesimal (linear) perturbations to a quiescent ocean.

No buoyancy gradients at the boundaries.

⏟Physical normal mode
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Baroclinic Modes as a Basis

We can instead try to use the baroclinic modes,   and , as a 
bases for QG theory.

{ψ̂n}∞
n=0 {ŵn}∞

n=0

When do we have   and  ?Ψ = Ψexp W = Wexp

Suppose we have a QG state with  and . DefineΨ(z, t) W(z, t)

Ψexp(z, t) =
∞

∑
n=0

Ψn(t) ψ̂n(z) Wexp(z, t) =
∞

∑
n=0

Wn(t) ŵn(z) .and
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z
H

z
H

Wexp

dWexp

dz

Vertical velocity — Sine-like

Streamfunction — Cosine-like

If W(zi) = 0

 regardless of boundary conditions.Ψ = Ψexp

However, we only obtain 

dΨ(zi)
dz

= 0.

then

dW
dz

=
dWexp

dz
.

dΨ
dz

=
dΨexp

dz

 if

Ψexp

dΨexp

dz

  W = Wexp

and
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Expansions and the missing degrees of freedom
Given an arbitrary vertical structure , we haveΨ(z)

Ψ(z) =
∞

∑
n=0

Ψn ψ̂n(z) .

Volume potential vorticity:

Q(z) = −
∞

∑
n=0

(k2 + λn) Ψn ψ̂n(z) .

The series is not differentiable at , hence we have lost the surface 
potential vorticities  and  in the projection process.

z = z1, z2

R1 R2

Differentiate the series in the interior for .z ∈ (z1, z2)
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The Generalized Rhines Modes
Vertical structure of Rossby waves in a quiescent ocean with prescribed 
boundary buoyancy gradients / topography.

−
d
dz ( f2

0

N2

dψ
dz ) = λ ψ

−k2 ψ + (−1)i γ−1
i ( f2

0

N2

dψ
dz ) = λ ψ at z = zi

for z ∈ (z1, z2)

γi = (−1)i+1
̂z ⋅ (k × ∇gi)
̂z ⋅ (k × ∇f)

= (−1)i+1
|∇gj | k

β kx
sin (Δθi) where  for topography.gi = f0 hi

z1

z2

Q

R1

R2
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The th mode has  zeros.n n

Two modes  with no zeros.(n = 0,1)

Two modes with one zero .(n = 0,3)
Two modes with no zeros .(n = 1,2)

(Large horizontal scales)
18



Expansion Properties
The generalized Rhines modes  form an orthonormal basis of .{ψ̂n}∞

n=0 L2 ⊕ ℂ ⊕ ℂ

Given a QG state with streamfunction , thenΨ(z)

Ψ(z) =
∞

∑
n=0

Ψn ψ̂n(z) and
dΨ(z)

dz
=

∞

∑
n=0

Ψn
dψ̂n(z)

dz

regardless of what boundary conditions  satisfies.Ψ(z)

on z ∈ [z1, z2]
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The misleading nature of the baroclinic modes
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R1(D0)

<latexit sha1_base64="GO6JzzFJUl6sNLnN54xelJdzqnw=">AAACDHicbVDLSgNBEOz1GeMr6tHLYBDiJeyKosegHjwmYB6QxDA7mU2GzMwuM7NCWPILnr3qN3gTr/6Dn+BfOJvsQZMUNBRV3XR3+RFn2rjut7Oyura+sZnbym/v7O7tFw4OGzqMFaF1EvJQtXysKWeS1g0znLYiRbHwOW36o9vUbz5RpVkoH8w4ol2BB5IFjGBjpcdaqSOwGRLMk7vJWa9QdMvuFGiReBkpQoZqr/DT6YckFlQawrHWbc+NTDfByjDC6STfiTWNMBnhAW1bKrGguptMr56gU6v0URAqW9Kgqfp3IsFC67HwbWd6o573UnGp54tlcjs2wXU3YTKKDZVktj+IOTIhSpNBfaYoMXxsCSaK2RcQGWKFibH55W023nwSi6RxXvYuy27toli5yVLKwTGcQAk8uIIK3EMV6kBAwQu8wpvz7Lw7H87nrHXFyWaO4B+cr19HIJtQ</latexit>

Q(D)

Consider a realistic ocean with strong surface QG dynamics and weak 
interior dynamics.

i.e.,  large R2 and small Q

A projection onto the baroclinic modes (as in Wunsch 1997) may give the 
misleading impression that the motion is all due to the volume PV .Q
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Summary
1. The baroclinic modes are incomplete. Information is lost in the projection process. 

2. There are infinitely many complete modes for QG theory. No physical reason to 
prefer one set over another.

3. In a non-linear ocean, modal decompositions do not provide any additional 
physical insight and can be highly misleading.

4. The question of “what mode the altimeter signal reflects” is ill-posed. There is no 
unique decomposition into normal modes in non-linear theory.
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